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Recent updated results of quasar spectra suggested a 3.9σ significance of spatial varia-
tion of the fine-structure constant. Theoretically, it is important to examine whether the
fine-structure constant, as a fundamental constant in quantum theory, is possible varying
with space and time. In this paper, we explore the possibility that spatial variation of the
fine-structure constant could be compatible with Einstein’s general relativity. Namely, the
spatially dependent fine-structure constant in the Universe could be originated in different
values of the speed of light in separate local frames that are far away from us, since we have
known that light rays must be bending in the present of gravity or non-inertial motions.
In addition, to learn more about the anisotropic coordinate of FLRW space-time, we also
study luminosity distance-redshift relation. It is found that there is a dipole structure in
high redshift regime, while in low redshift regime, there is not such dipole.
I. INTRODUCTION
Recent updated results of quasar spectra suggested a 3.9σ significance of spatial variation of
the fine-structure constant [1]. In the last decades, the varying fine-structure constant has been
studied via observation on quasar spectra [1–5], big bang nucleosynthesis [6, 7], cosmic microwave
background [7–13], galaxy clusters [10, 14, 15] and supernovae [11, 16–20]. Though it is accompanied
by controversial [6, 7, 9, 15, 19, 21–23], one might not doubt the importance of the fine-structure
constant, as a fundamental constant, that is possible varying with space and time.
Confronted with variation of the fine-structure constant, Bekenstein considered a modified
Maxwell’s electromagnetism [24], in which electron charge was assumed to be varying with space
and time. It was generalized by Sandvik, Barrow and Magueijo [25–27], the so-called Bekenstein-
Sandvik-Barrow-Magueijo (BSBM) model, in which dynamical evolution of the fine-structure con-
stant was involved in Einstein field equations by considering a scalar field coupled to electromag-
























and modified evolution equation for the scalar field [29–32]. Besides, there are models focusing on
physical aspect of the scalar field. Namely, the scalar field can be originated from a dilaton charge
of atomic systems [33, 34], quintessence type field of dark energy [16, 23, 35], or dark matter [36, 37].
In order to interpret variation of the fine-structure constant, there are also models suggesting a vi-
olence of the weak equivalence principle or Einstein equivalence principle [17, 23–27, 33, 35, 37–40].
In this paper, we explore the possibility that spatial variation of the fine-structure constant could
be compatible with Einstein’s general relativity. It is motivated by the theory of varying speed of
light [27, 34, 38, 41–45], and the fact that light rays are bending in the present of gravitational
fields or non-inertial motions. From Einstein equivalence principle, the physical laws of non-gravity
theory should be the same as that in Minkowski space-time in the near region around geodesic
observers. It means that the speed of light should be a constant in the local frame of the geodesic
observers. Based on this, we suppose that there are two local frames with respect to geodesic
observers A and B that are far away from each other. Both observers A and B could perceive
a constant speed of light in their local frames. But it does not suggest that the values of their
speed of light should be the same. Conversely, we have known that light rays must be bending
in the present of gravity or non-inertial motions. Thus, the spatial variation of the fine-structure
constraint might be originated in different values of the speed of light in separate local frames, as
the formula of the fine-structure constant α = e
2
4πε0~c is always true in these local frames.
In Minkowski space-time, inertial motion of reference frame would not change the metric of the
space-time. This is suggested by Lorentz symmetry. However, in Friedmann-Lemaître-Robertson-
Walker (FLRW) space-time, there is no longer such symmetry for geodesic reference frame. It would
lead to an anisotropic space-time for the frame adapted to geodesic observers [46]. In this paper,
we study spatial variation of the fine-structure constant and luminosity-distance relation in the
anisotropic coordinate of FLRW space-time. For the former, we will introduce a phenomenological
definition for non-local measurement of speed of light based on dataset of quasar spectra [5]. For
the latter, it is the extension of the previous study [46] in high redshift regime.
This paper is organized as follows. In section II, we brief review the anisotropic coordinate of
FLRW space-time. It is a global reference frame describing a congruence of observers that undergo
geodesic motion along a specific direction. In section III, we study spatial variation of the fine-
structure constant in the anisotropic FLRW space-time based on dataset of quasar spectra [5]. In
section IV, we present luminosity distance-redshift relation in the anisotropic FLRW space-time
in general. For the sake of intuitive, we consider the luminosity distance-redshift relation in de
Sitter and ΛCDM Universe as examples. Finally, conclusions and discussions are summarized in
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section V.
II. ANISOTROPIC COORDINATE OF FLRW SPACE-TIME
In the view of comoving observers in the Universe, the space-time can be described by FLRW
metric, i.e.,
ds2 = −dt2 + a2(t)((dx1)2 + (dx2)2 + (dx3)2) , (1)
where scale factor a(t) describes the expansion of the Universe. Different forms of a(t) depend
on cosmological models or epochs of the Universe. In this case, the Universe is isotropic and
homogenous.
The picture of the Universe would be different, if we consider the Universe in the view of a
congruence of observers that undergo geodesic motion along a specific direction in FLRW space-
time. Namely, for a coordinate system adapted to the geodesic observers, the metric is shown to
be deviated from isotropy,
ds2 = −dT 2 + a2(T,Z)
(










where the υ is an integral constant of 4-velocities of these geodesic observers. This was also shown
in previous study [46]. The transformation between the coordinate systems (T,X, Y, Z) and the










dt′ − υx3 , (3a)
X = x1 , (3b)















where we have adopted the conventions that t = t0 and T = 0 are the time of the present Universe.
In the following, we will call the coordinate system (T,X, Y, Z) as anisotropic (coordinate of) FLRW
space-time.
From Eqs. (3), one might find that the coordinate transformation returns Lorentz transformation
as a → 1. Based on the transformation, the 4-velocities of comoving observers u = ∂T in the











describes the geodesic observers in the isotropic FLRW space-time.
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where H (≡ a−1da/dt) is Hubble parameter. In the anisotropic coordinate of FLRW space-time,
the scale factor a has been expressed in terms of coordinates T and Z. Thus the Universe described
by the metric in Eq. (2) is beyond the Bianchi-type Universe [47].
III. SPATIAL VARIATION OF THE FINE-STRUCTURE CONSTANT IN
ANISOTROPIC FLRW SPACE-TIME
The fine-structure constant α is known as a fundamental constant in quantum theory. In
Minkowski space-time, it can be expressed in terms of electron charge e, vacuum permittivity





However, as suggested by Webb et al. [2], the fine-structure constant was found to be spatially
dependent based on observation of quasar spectra in the Universe. Recently, the results of spatial
variation of the fine-structure constant was updated and confirmed again with significance 3.9σ [1].
As suggested by Einstein equivalence principle, local measurements of speed of light should
always be a constant. However, it does not mean that the constant speed of light in separate local
frames have the same values in the present of gravity. Therefore, we argue that the variation of
the fine-structure constant could be originated in the speed of light affected by gravity or non-
inertial motion within Einstein’s relativity. In this sense, we could formulate the variation of the








− 1 , (6)
where we utilize convention c = 1 for the speed of light on the earth, and the cz is the speed of light
in the place far from us, and thus can not be measured directly. In this sense, resolving the variation
of the fine-structure constant in the Universe turns to be how to define non-local measurement of
speed of light cz.
In the following, we will present a phenomenological formula for the speed of light cz. As
baseline, we start from Milne Universe in which the speed of light should be a universal constant.
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A. Fine-structure constant in Milne Universe
In the early stage of cosmology development, Milne proposed a model of the expanding Universe
within special relativity [48]. The metric of the space-time is given by




+ r2(dθ2 + sin2 θdφ2)
)
, (7)
where C is a constant with dimension of 1/length and t > 0. In this model, the metric in Eq. (7)
can be transformed into Minkowski space-time via simply a coordinate transformation. Although,
it has been falsifiable by observation on expansion rate of the Universe, such as supernovae [49] for
example, it could still provide insights for understanding the Universe.
Since comoving observers in Milne Universe undergo inertial motion (i.e., uniform motion), the
speed of light should be a universal constant in the view of all the comoving observers. In this point



























Here, the γij is conformal metric of gij . In order to obtain a proper speed of light cz, we argue that
the comoving distance dc should be re-adjusted by a kinematic redshift 1 + zknt in Eq. (8).
In the following, we will check it in detail that there is a universal constant speed of light in
















= 0 , (10c)
dθ
dλ
= 0 . (10d)
Based on Eqs. (10), we obtain observed redshift z of comoving objects
















Since expansion of the Milne Universe is a pure inertial effect, it leads to
z = zknt. (12)





















= 1 . (13)
It shows that the cz is a universal constant, and can describe the speed of light in the view of
comoving observers in Milne Universe. Thus, the formula of cz in Eq. (8) is acceptable according
to the baseline testing in Eq. (13).






− 1 = 0 . (14)
B. Fine-structure constant in isotropic FLRW space-time
In the present of gravity, the kinematic part of the redshift zknt turns to be




where the z and the zg are cosmological redshift and gravitational redshift, respectively. In this
sense, we assume that the observed redshift z is originated from two different contributions, the
kinematic effect and the gravitational effect. And both the zknt and the zg can not be observed,
directly.
By making use of Eq. (15), we will calculate the speed of light cz in isotropic FLRW space-time














where li are integral constants from solving the geodesic equations. Thus, the observed redshift z
of co-moving objects is given by
















where uµ (= (1, 0, 0, 0)) represents the 4-velocities of comoving objects. Based on Eqs. (15)–(17),
we obtain the speed of light cz in the form of
cz = 1 + zg . (18)
In the FLRW space-time, the speed of light cz has different value from the c = 1 at local. Here, the
gravitational redshift zg might not be obtained, theoretically, because there seems not a theorem
within general relativity that could decompose the gravitation and inertial effect, formally.






− 1 . (19)
From the observation on quasar spectra [3], the variation of the fine-structure constant was shown
to be ∆αα ∼ 10
−5. Based on this, we can infer zg ∼ 10−5. It suggests that expansion of the Universe
might be dominated by the kinematical redshift zknt, since zknt  zg.
C. Fine-structure constant in anisotropic FLRW space-time
From the observation on CMB [8] and quasar spectra [1, 2], the Universe is shown to be not
precisely isotropic. Although the observed anisotropy is very small, it is still interesting to consider
what is the physical origins of the anisotropy of the Universe. In this part, we will study the
anisotropy of the Universe from the observation on quasar spectra [1, 2]. Namely, the spatial
variation of the fine-structure constant is originated in different values of the speed of light cz in
the local frames of quasars.
We also start our calculation from the speed of light cz based on Eqs. (8) and (15). From the
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√





























where l1, l2 and l3 are integral constants from solving null geodesic equations. Thus, we can obtain
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observed redshift of comoving objects (sources) as follows,

















1 + υ2 − υγ
, (21)
where asrc ≡ a(Tsrc, Zsrc), Xµsrc is the event of a light ray emitted from the source, and we have
redefined the integral constant γ ≡ l3((l1)2 + (l2)2 + (l3)2)−
1
2 . In order to locate the light rays










1 + υ2 − υ√
1 + υ2 − υγ
, (22)
where k is a reference null vector with γ = −1, and w is the null vector of a light ray from the
source. In the case of Θ = 0◦, it indicates that the source is located at positive Z-axis with respect
to observers. By making use of Eqs. (21) and (22), and substituting t → T in Eq. (8), we obtain























− 4(1 + z)z
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− 1 . (24)
It shows that the value of ∆α/α depends on spatial location Θ and the redshift z of the sources.











υ cos Θ +O(υ2) . (25)
In Figure 1, we present plots of the values of ∆αα against z cos Θ with available dataset of quasar
spectra [5]. Here, we didn’t remove any outliers as it did in Ref. [5]. Based on these data, best-fit
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FIG. 1: The value of ∆αα plotted against z cos Θ. The Θ is the angle from the location of dipole given in
Ref. [5]. The solid lines are the best-fitting curves based on Eq. (25). Left panel: The data of
quasar spectra are unbinned. Right panel: The data of quasar spectra are binned.
TABLE I: Fitting parameters of best-fit curves based on Eq. (25).
Fitting Parameters (10−6) unbinned binned
zg 2.4± 0.8 2.0± 0.8
υ/c 5.9± 1.2 5.5± 1.1
curves of Eq. (25) are obtained by using weighted least squares method. The parameters υ and
zg in our fits are listed in Table I. It shows that the value of υ is much smaller than the value
of υ inferred from the redshift survey in previous study [46]. Since zg > 0 in our fits, it suggests
existence of gravitational repulsion in the Universe. This is consistent with our present knowledge
about the accelerating expansion of the Universe [49]
The results shown above are independent of cosmological models, but depend on the way that
we formate the cz, i.e., Eq. (8). In principle, the formulation of cz indicates how we infer and
calculate the speed of light cz and should be based on the first principle. At the first step, here we
present a phenomenological formula of cz. A better definition of measurement of the cz is expected
to be found in future studies.
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IV. LUMINOSITY DISTANCE-REDSHIFT RELATION IN ANISOTROPIC
COORDINATES OF FLRW SPACE-TIME







This definition in Eq. (26) is independent on cosmological model and is given phenomenologically.
Since expansion of the Universe, the observed luminosity Lobs should be smaller than the lumi-
nosity at the source L by factor (1 + z)2, namely Lobs = (1 + z)−2L. Therefore, based on definition
of observed flux F through a closed isochronous surface S, we have




Using Eqs. (26) and (27), we obtain luminosity distance in the form of





Finally, to obtain luminosity distance-redshift relation, the area of isochronous surface S should be
expressed in terms of redshift z.
In the following, by making use of luminosity distance in Eq. (28), we will brief review luminosity
distance-redshift relation in isotropic FLRW space-time, and then extend this approach in the
anisotropic coordinate of FLRW space-time.
A. Brief review of Luminosity distance-redshift relation in isotropic FLRW space-time









where t is the time when light rays are emitted from the sources, t0 is the time of the present
Universe. Based on Eq. (29), we obtain equation of isochronous surface,
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At right hand side of above equations, the
√
(x1)2 + (x2)2 + (x3)2 is known as co-moving distance
between the observers on the earth and source.
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Therefore, based on Eqs. (28) and (31), the luminosity distance-redshift relation takes the form of






This is the well-known luminosity distance-redshift relation in FLRW space-time [48, 51].
In the following, we will use this approach to calculate the luminosity distance-redshift relation
in anisotropic FLRW space-time.
B. Luminosity distance-redshift relation in anisotropic FLRW space-time
Since there is no difference in X-axis and Y -axis, we let l2 = 0 in Eqs. (21) for simplicity. Then,



















where we have redefined the integral constant α ≡ l1/
√
(l1)2 + (l2)2 + (l3)2. Based on Eq. (4) and
above equations, coordinate X can be expressed in terms of scalar factor a along a worldline of
light ray, i.e.,






where asrc ≡ a(Tsrc, Zsrc), and the (Tsrc, Zsrc) is the event at which light rays are emitted from the
source. By rewriting the Eq. (34) in form of dXda =
α
Ha2
and substituting it into Eqs. (33), we obtain
the worldlines of light rays,




























Based on Eqs. (35), we thus obtain the equation of isochronous surface of light rays from the source
at event (Tsrc, Xsrc, Ysrc, Zsrc),




















where a0 ≡ a(0, Z). Here, we have recovered the direction of Y by simply adding the terms
(Y − Ysrc)2 at the left hand side of above equation. In the case of υ → 0, one can check that it
returns to Eq. (30).
In the anisotropic coordinate of FLRW space-time, the area of the isochronous surface S is






































































































Considering initial condition of the above equation Z±(Tsrc) = Zsrc, we can obtain Z1 ≡ Z−(0) and
Z2 ≡ Z+(0).
By substituting Eq. (37) into Eq. (28), we can obtain the dL expressed in terms of Tsrc and
Zsrc. The value of luminosity distance depends on both the distance (Tsrc) and the location (Zsrc)
of the celestial objects (sources). On the other side, in order to obtain luminosity distance-redshift
relation, we should also consider the redshift of the sources. Based on Eqs. (35b) and (36), in the
case that a light ray emitted at event Xµsrc pass through the event Xµ = 0 for our observers, the γ


















In this sense, we can ensure that the redshift in Eq. (21) can also be expressed in terms of Tsrc
and Zsrc. Therefore, from Eqs. (21), (28) and (37)–(40), the parametric equations of luminosity
13
distance-redshift relation can be rearranged formally as










2 − υγ(Tsrc, Zsrc)√
1 + υ2 − υγ(Tsrc, Zsrc)
− 1 . (41b)
Based on Eqs. (22) and (40), we can also rewrite the expression of the observed location Θ from





1 + υ2 − υ√
1 + υ2 − υγ(Tsrc, Zsrc)
)
. (42)
So far, above derivations are independent on cosmological model. In the following, we will
present the luminosity distance-redshift relations in two specific cases, namely, de Sitter model and
ΛCDM model.
1. de Sitter Universe
In de Sitter Universe, the scale factor is given by a = eH0(t−t0). It can describe dark energy
dominated Universe in low redshift regime. Since the form of scale factor is given, we can express




























Based on Eqs. (36) and (43), we obtain equation of isochronous surface for the light rays from a


















































Substituting Eqs. (45) into Eq. (28), we can obtain the luminosity distance-redshift relation in















FIG. 2: Schematic diagram for two sources (celestial objects) at observed location Θ = 90◦. The observers
are located at the origin of the coordinate system (X,Z). The dashed line represent the light rays
from the sources. The solid curves represent the isochronous surface projected in the X-Z plane.
For illustration, we select a quite large value parameter υ.
In Figure 2, we show schematic diagram for sources at observed location Θ = 90◦. Due to the
bending of light rays, these sources, in fact, exist in the Universe with the co-moving coordinates
Zsrc > 0. Besides, one might find that the isochronous surface is no longer a sphere. In right panel
of Figure 3, we present luminosity distance-redshift relations in three different locations Θ. In the
regime of z ' 1, the Universe tends to have a larger expanding rate in the direction along the
geodesic motion of reference frame, namely, Θ = 0◦, while the Universe has the smallest expansion
rate in the direction, Θ = 180◦. In order to study difference of luminosity distance in different









In right panel of Figure 3, we plot the curves of ∆dL,Θ as function of redshift z. It shows that


































FIG. 3: Left panel: Luminosity distance-redshift relation for selected observed location Θ. Right panel:
The value of ∆dL,Θ as function of redshift. In both panels, the parameter υ in the anisotropic
FLRW space-time is set as 0.05. The Hubble parameter H is a constant in de Sitter Universe.

































= 0 , (48)
which has been studied in Ref. [46]. For the result in Eq. (47), we have plotted the dotted line in
right panel of Figure 3. From Eq. (48), it indicates that the expansion rates in positive and negative
direction of Z-axis are shown to be the same in the case of z → 0. More interestingly, we notice
that there is a transition point at z ' υ for the luminosity distance-redshift relation. Namely, the
expansion rate at location Θ = 0◦ turns to be larger than the expansion rate at location Θ = 90◦
in the regime of z & υ.
In left panel of Figure 4, we plot the luminosity distance-redshift relation for selected parameters
υ. The expansion rate at the location Θ = 90◦ tends to be insensitive to the parameter υ. In right
panel of Figure 4, we present difference of the luminosity distance as function of redshift for selected









In low redshift limit, the dotted lines in the plots can be obtained by making use formulae in Ref.





































































































FIG. 4: Left panel: Luminosity distance-redshift relation for selected parameter υ. Right panel: The value
of ∆dL,υ as function of redshift. In the top, middle and bottom panels, we set Θ = 90◦, 0◦ and
180◦, respectively. The Hubble parameter H is a constant in de Sitter Universe.
Besides, we could also consider the redshift in a spatial surface with constant dL. The schematic
diagram is shown in Figure 5. The shape of isochronous surfaces could be different for the sources
at different location Θ. In Figure 6, we present redshift as function of observed location Θ of sources
for given luminosity distance. In the case of υ 6= 0, the observed redshift is shown to vary with
location of the source. In the regime of z > υ, the curves of z(Θ) tend to be monotonic, while in
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FIG. 5: Schematic diagram of the spatial surface (dashed curve) with constant dL. We plot two sources
(celestial objects) for example. The observers are located at the origin of the coordinate system
(X,Z). The dashed line represent the light rays from the sources. The solid curves represent the
























FIG. 6: Redshift as function of observed location of sources Θ for selected parameters υ, and luminosity
distance, dL = 0.01H−10 (left panel) and dL = 5H
−1
0 (right panel). The Hubble parameter H is a
































FIG. 7: Left panel: Luminosity distance-redshift relation for selected observed location Θ. Right panel:
The value of ∆dL,Θ as function of redshift. In both panels, the parameter υ in the anisotropic
FLRW space-time is set as 0.05. The Hubble parameter H is given in Eq. (50).
Therefore, based on these results shown in Figure 2–6, we could conclude that in the regime
of z > υ, the luminosity distance-redshift relation tends to have a dipole structure, while in the
regime of z  υ, there is not such dipole.
2. ΛCDM Universe
In ΛCDM model, the Hubble parameter can be given by the Friedman equation,
H = H0
√
Ωm(1 + z)3 + ΩΛ , (50)
where ΩΛ + Ωm = 1. In this case, we could not obtain an analytic expression of scale factor a.
Thus, we turn to study the luminosity distance-redshift relation with numerical method.
For given observed location of the sources, we present luminosity distance-redshift relation in
Figure 7. It is similar to the results in de Sitter Universe. Namely, in the case of Θ = 0◦, the
expanding rate tends to be the largest, while in the case of Θ = 180◦, the expanding rate tends to
be the smallest. For given luminosity distances, we plot the curves of redshift as function of location
Θ in Figure 8. Similarly, in the regime of z > υ, the curve of z(Θ) tends to be monotonic, while
in the regime of z < υ, the curve of z(Θ) is shown to be unimodal. The spatial dipole structure in
high redshift regime also exists in ΛCDM model.
Figure 9 shows a comparison of the curves of ∆dL,Θ(z) between the results ΛCDM model and

























FIG. 8: Redshift as function of observed location of sources Θ for selected parameters υ, and luminosity
distance dL = 0.01H−10 (left panel) and dL = 5H
−1














FIG. 9: A comparison of the curves of ∆dL,Θ(z) between the results ΛCDM model in right panel of
Figure 7 and the results in the de Sitter model in right panel of Figure 3.
relation is less sensitive to cosmological models. In the regime of z ' υ, the transition points are
shown to be not precisely at z = υ. It depends on cosmological models in general.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we explored the possibility that the spatial variation of the fine-structure constant
could be compatible with Einstein’s general relativity. Namely, the value of ∆α/α in the Universe
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is originated in different values of the speed of light in separate local frames. In this sense, we found
that the spatial variation of the fine-structure constant could be deduced, if defining the non-local
measurement of speed of light cz in Eq. (8) and use it in the anisotropic FLRW space-time. Besides,
we also studied the luminosity-distance relation in the anisotropic FLRW space-time. It is found
that there is a dipole structure in high redshift regime, while there is not such dipole in low redshift
regime.
We showed that the phenomenological formulae in Eqs. (6) and (8) is acceptable based on the
application in Milne Universe. In physical view-point, Eq. (8) indicates how we define the non-local
measurement of speed of light cz. Thus, it is expected that the phenomenological study on cz might
improve our understanding of the non-local measurement in general relativity.
The variation of the fine-structure constant can also be interpreted as a varying charge or Planck
constant in the Universe [27]. We thus expect that a more rigours study should be based on quantum
field theory or quantum mechanics in curved space-time, in which the cz (or ez, etc.) might be
obtained based on the first principle.
The anisotropic coordinate of FLRW space-time was originally proposed aiming for relieving the
Hubble tension [46]. It concluded that the parameter υ is inferred to be υ . 0.25 based on redshift
survey at the regime of z < 0.03 [52]. However, in this work, we obtained υ ' 10−5 at the regime
of redshift z > 0.2 based on the quasar spectra [5]. The different values of υ suggests that the υ
might not be universal constant and should vary with the redshift z.
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